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Abstract
In this brief note, we establish a novel criterion for robustness of global
asymptotic stability of zero solution of LTV system x˙ = A(t)x in the presence
of possibly unbounded perturbations (external disturbances). To prove the
result, logarithmic norm will be used under which the stability becomes a
topological notion depending on the chosen vector norm in the state-space
Rn.
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1. Introduction
Let us consider x = 0 being asymptotically stable equilibrium point of
the linear time-varying (LTV) system x˙ = A(t)x, t ≥ 0. What can we say
about the asymptotic stability of its perturbation x˙ = A(t)x+ w(x, t)? This
question represents one of the fundamental problems in the area of robustness
of stability to external perturbations (disturbances) (cf. [7]) and robustness
of the systems in general, and so the effect of (known or unknown) perturba-
tions on the solutions of nominal system as a potential source of instability
attracts the attention and interest of scientific community for a long time in
the various contexts. For example, robustness to the external perturbations
is of the utmost importance for the robotic manipulators deployed in uncon-
trolled environments. Robustness & resilience are often thought of in terms
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of a system’s capacity to maintain its functionality (stability) in the face
of external disturbances. A comprehensive overview of the most significant
results on robust control theory and its history is presented in [14].
In this paper, we specifically prove that asymptotically stable zero so-
lution of unperturbed system remains ”attractive” for a wide class of per-
turbations w(x, t) in the sense of convergence of all solutions of perturbed
system to the origin x = 0 as t→ ∞ provided the perturbing term satisfies
some growth constraints. Sufficient conditions ensuring this property of the
systems, possibly even for (monotonically) unbounded perturbations, are
summarized in Theorem 5 and simulation experiment in Example 2 confirms
theoretical conclusions.
This, maybe a little unexpected, behavior of the LTV systems follows
from
1) the complexity and richness phenomena of dynamics of unperturbed
LTV systems, especially with unbounded A(t), compared to the unper-
turbed LTI systems where the solutions are restricted to the subsets of
linear subspace spanned by the narrow class of functions;
2) the properties of convolution integral (representing system’s response
to external disturbances) in Lagrange’s variation of constants formula
and its estimate in the terms of logarithmic norm, mixing perturbing
term w(x, t) with fundamental matrix solution Φ(t) (and its inverse) of
x˙ = A(t)x.
As has been shown in [13], if the origin x = 0 is an exponentially sta-
ble equilibrium point of unperturbed system and the perturbation term w
satisfies
‖w(x, t)‖ ≤ ρ(t) ‖x‖ + ξ(t), ∀ ‖x‖ < r, ∀t ≥ 0 (1)
where ρ, ξ : [0,∞) → [0,∞) are continuous, ∫∞
0
ρ(τ)dτ < ∞ and ξ is
bounded, then for ξ ≡ 0, the origin is an exponentially stable equilibrium
point of perturbed system and the solutions of perturbed system are ulti-
mately bounded in the opposite case, that is, if ξ is not identically zero. The
general framework for our considerations and analyses here is that we will not
assume a priori that w(x, t) satisfies the inequality constraint of the form (1)
and therefore the now classic results of Khalil [13] based on the Lyapunov’s
converse theorem, Coddington & Levinson [2], Hartman [10] both based on
the state-space model representation are not applicable here in general.
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Since then it has not made any further substantial progress in the re-
search of ability of the dynamical systems and among them LTV ones to
absorb the effect of external disturbances and maintain the stability of on-
going processes. This is all the more surprising as the stability analysis for
time-varying linear systems is of constant interest in the control community.
One reason is the growing importance of adaptive controllers for which un-
derlying closed-loop adaptive system is time-varying and linear [9], [17]. The
second one is that LTV systems naturally arise when one linearizes non-
linear systems around a non-constant nominal trajectory. In contrast the
linear time-invariant (LTI) cases which have been thoroughly understood in
the analysis and synthesis, many properties of the LTV systems are still not
clear and not resolved. Here, the system (robust) stability analysis can serve
as an appropriate example.
There are some papers providing some sufficient conditions for exponen-
tial, see e. g., [8, 21, 22]) or/and asymptotic stability [16, 23] of LTV systems
but none of those deal with the robustness of systems’ stability to exter-
nal perturbations and, moreover, the developed techniques are not directly
applicable for perturbed systems.
1.1. Notation and assumptions
Throughout this paper we assume that x and w are n−dimensional col-
umn vectors and A(t), t ≥ 0 is a square matrix of the same dimension. We
will always assume that A(·) : [0,∞) → Rn×n is a continuous matrix func-
tion and w is continuous in (x, t) for ‖x‖ < ∞ and 0 ≤ t < ∞. Notice that
x = 0 may not be solution of perturbed system.
We will derive the results for unspecified vector norm, ‖·‖ . For the matri-
ces, as an operator norm is always used the induced norm, ‖A‖ = max
‖x‖=1
‖Ax‖.
For example, the Frobenius norm of the matrix is not induced norm because
‖In‖ = 1 for any induced norm, but ‖In‖F =
√
n. We use for both vector
norm and matrix operator norm the same notation but it will always be clear
from the context that norm is just being used. In particular cases we will
consider the three most common vector norm:
‖x‖1 =
n∑
i=1
|xi|, ‖x‖2 =
√√√√ n∑
i=1
x2i , ‖x‖∞ = max1≤i≤n |xi|. (2)
We denote by µ[A(t)], t ≥ 0, the logarithmic norm of matrix A(t). The
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classical definition is
µ[A(t)] , lim
h→0+
‖In + hA(t)‖ − 1
h
,
where In denotes the identity on R
n, [4, 18, 19]. To distinguish between the
logarithmic norms for vector norms defined in (2) we use here the notation
with the subscript 1, 2 and ∞.
Because it is assumed that A(t) is continuous, the function µ[A(t)] is a
continuous function of t by virtue of the inequality |µ[A(t1)] − µ[A(t2)]| ≤
‖A(t1)− A(t2)‖ , t1, t2 ≥ 0, see e. g. [3]. While the matrix norm ‖A‖ is
always positive if A 6= 0, the logarithmic norm µ(A) may also take negative
values, e. g. for the Euclidean vector norm ‖·‖2 and when A is negative
definite because 1
2
(A + AT ) is also negative definite, [6, Corollary 14.2.7.]
and Table 1. Therefore, the logarithmic norm does not satisfy the axioms of
a norm.
The superscript ’T’ denotes transposition, the number λmax(M) in Table 1
and elsewhere indicates the maximum eigenvalue of matrix M.
1.2. Preliminary results
In this subsection we summarize important and interesting properties of
the logarithmic norm useful for stability analysis of dynamical systems.
In Table 1, the values of matrix norms and corresponding logarithmic
norms for the norms (2) are calculated, see e. g. [1, p. 54], [5, p. 33].
Table 1: Logarithmic norms for the vector norms ‖·‖
i
, i = 1, 2,∞
Norm of vector
(‖x‖i)
Induced norm of matrix A
(‖A‖i)
Logarithmic norm
(µi[A])
‖x‖1 =
n∑
i=1
|xi| ‖A‖1 = max1≤j≤n
n∑
i=1
|aij |
(column sum)
µ1[A] =
max
1≤j≤n
(
ajj +
∑
i 6=j
|aij|
)
‖x‖2 =
√
n∑
i=1
x2i ‖A‖2 =
√
λmax(ATA) µ2[A] =
1
2
λmax
(
A+ AT
)
‖x‖∞ = max1≤i≤n |xi| ‖A‖∞ = max1≤i≤n
n∑
j=1
|aij |
(row sum)
µ∞[A] =
max
1≤i≤n
(
aii +
∑
j 6=i
|aij|
)
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The fundamental advantage of approach based on the use of logarithmic
norm is the fact that to estimate the norm of fundamental matrix solution
Φ(t), t ≥ 0 for unperturbed system x˙ = A(t)x and state-transition matrix
Φtrans(t, τ) , Φ(t)Φ
−1(τ) we do not need to know its solutions explicitly.
Lemma 1 ([5, 18, 19]).
p1) max
1≤i≤n
ℜ(λi) ≤ µ[A], where λ1, . . . , λn are the eigenvalues of A, and ℜ(λ)
is a real part of λ;
p2) −‖A‖ ≤ µ[A] ≤ ‖A‖ ;
p3) Let Φ(t), t ≥ 0 is a fundamental matrix solution for x˙ = A(t)x. Then
∥∥Φ(t)Φ−1(τ)∥∥ ≤ e
t∫
τ
µ[A(s)]ds
for all t ≥ τ ≥ 0.
This lemma, Item p3, allows to estimate the norm of state-transition matrix
Φtrans(t, τ) = Φ(t)Φ
−1(τ) without knowing the fundamental matrix solution,
purely on the basis of the matrix A(t) entries, which can be especially im-
portant if A is a non-constant matrix.
The following example demonstrates that the value µ[A] may depend on
the used vector norm.
Example 1. [1, p. 56]
a) A1 =
[−11 10
2 −3
]
⇒ µ1[A1] = 7, µ2[A1] = 0.2111 and µ∞[A1] = −1;
b) A2 =
[−11 2
10 −3
]
⇒ µ1[A2] = −1, µ2[A2] = 0.2111 and µ∞[A2] = 7;
c) A3 =
[−1 3
−3 −2
]
⇒ µ1[A3] = 2, µ2[A3] = −1 and µ∞[A3] = 2.
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Thus, we can verify whether the system x˙ = Aix, i = 1, 2, 3 is stable or not
by means of the vector norm with negative value of µ[Ai]. In general, we
obtain such logarithmic norm for any Hurwitz matrix A [13, p. 135] using a
vector norm ‖x‖H =
√
xTHx, where the symmetric positive definite matrix
H satisfies the Lyapunov equation ATH +HA = −2In. The corresponding
logarithmic norm µH[A] = −1/λmax(H), see Lemma 2.3 in [11]. It turns out
that the stability analysis based on the logarithmic norm becomes a topolog-
ical notion unlike the spectrum of matrices which is topological invariant.
2. Robust global asymptotic stability of LTV systems
Let us define the following classes of functions [20].
Definition 2. Let h : [0,∞)→ Rn be continuous. Define
V , {h : ‖h(t)‖ → 0 as t→∞} ,
AD ,

h :
t+1∫
t
‖h(s)‖ ds→ 0 as t→∞

 ,
D ,

h : sup0≤η≤1
∥∥∥∥∥∥
t+η∫
t
h(s)ds
∥∥∥∥∥∥→ 0 as t→∞

 .
Lemma 3. V ( AD ( D.
Proof. Assume that ‖h(t)‖ → 0 as t→∞. Using the monotonicity of the
function H(t) =
t∫
0
‖h(s)‖ ds and Lagrange’s Mean Value Theorem we obtain
the chain of inequalities from which immediately follows the claim of lemma,
sup
0≤η≤1
∥∥∥∥∥∥
t+η∫
t
h(s)ds
∥∥∥∥∥∥ ≤ sup0≤η≤1
t+η∫
t
‖h(s)‖ ds =
t+1∫
t
‖h(s)‖ ds = ‖h(ξ)‖ ,
where ξ ∈ (t, t + 1), ξ → ∞ as t → ∞. Now we need only to show that
V 6= AD 6= D.
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i) Let h(t) = [sin(et), cos(et), 0, . . . , 0]
T
. Then h ∈ D; in fact, for any
η ≥ 0, ∣∣∣∣∣∣
t+η∫
t
sin(eτ )dτ
∣∣∣∣∣∣ ≤ 2e
−t(1 + e−η) ≤ 4e−t.
The same inequality holds for the second component of h, and thus
∥∥∥∥
∫ t+η
t
h(s)ds
∥∥∥∥
2
≤
√
32e−t → 0 as t→∞,
but ∫ t+1
t
‖h(s)‖2 ds = 1 6→ 0 as t→∞,
that is, h ∈ D, but h /∈ AD. Recall that the use of the Euclidean
norm in the last two steps does not impair the generality of analysis
because all norms on finite-dimensional vector space are equivalent.
Specifically, there exists a pair of real numbers 0 < C1 ≤ C2 such that,
for all x ∈ Rn, the following inequality holds [12]:
C1 ‖x‖a ≤ ‖x‖b ≤ C2 ‖x‖a .
In particular,
‖x‖∞ ≤ ‖x‖2 ≤ ‖x‖1 ≤
√
n ‖x‖2 ≤ n ‖x‖∞ .
ii) Let h(t) = [h1(t), 0, . . . , 0]
T , where h1(t) =
∞∑
n=1
h1,n(t) is ”needle-like”
function with h1,n defined as follows:
h1,n(t) =


2n(t− n+ 1) for t ∈ [n− 1, n− 1 + 1
2n
)
2(−nt+ n2 − n+ 1) for t ∈ [n− 1 + 1
2n
, n− 1 + 1
n
)
0 elsewhere
.
Then ∫ t+1
t
h1(s)ds ≤ 1
2n
→ 0 as t→∞,
but ‖h(t)‖ 6→ 0 as t→∞ because for all n ∈ N, the value of h1 at the
points n− 1 + 1/2n, n ∈ N is equal to 1; h ∈ AD, but h /∈ V.
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Figure 1: The functions h1(t) from the proof of Lemma 3, i) on the left and ii) on the
right.
Graphs of the first components of vector functions h from the example
above are shown in Figure 1. This completes the proof of Lemma 3.
We have the following result regarding asymptotic behavior of perturbed
linear systems.
Theorem 4. Let A(·) : [0,∞)→ Rn×n is a continuous matrix function. Let
x = 0 is globally uniformly asymptotically stable equilibrium point of the LTV
system x˙ = A(t)x and h(t) is continuous.
Then all solutions of
x˙ = A(t)x+ h(t) (3)
converge to 0 as t→∞ if h ∈ AD.
Moreover, if A(t) is entry-wise bounded, then all solutions of (3) converge
to 0 as t→∞ if and only if h ∈ D.
Proof. The statements of theorem are the corollaries of Theorem A (the
part (iv) with g2 ≡ 0) for general case of A(t), and Theorem B in [20] taking
into account that the function f(t, x) = A(t)x with bounded on [0,∞) matrix
function A(t) is a globally Lipschitz function on Rn in the sense of Section 4
of [20] with the Lipschitz constant L = max{‖A(t)‖ , t ≥ 0}.
Because only the sufficient condition for LTV systems with unbounded
A(t) was established, for such systems the origin x = 0 could be globally
attractive also for the perturbations w /∈ AD, even monotonically unbounded
ones as it also turns out in Example 2. First, however, we formulate the
following theorem on robustness of asymptotically stable LTV systems, which
seems to be a completely new result.
Theorem 5. Let A(·) : [0,∞)→ Rn×n is a continuous matrix function.
If for some vector norm in Rn is
2 ROBUST GLOBAL STABILITY 9
1) lim
t→∞
t∫
0
µ[A(s)]ds = −∞,
then x = 0 ∈ Rn is globally asymptotically stable equilibrium point of the
unperturbed system x˙ = A(t)x. Moreover, if
2) µ[A(t)] < 0 for all t sufficiently large, and
3) for all x ∈ Rn and all t ≥ 0 is ‖w(x, t)‖ ≤ ‖w˜(t)‖ with
lim
t→∞
(‖w˜(t)‖/µ[A(t)]) = 0
(
or alternatively expressed in the ”little-o” notation, ‖w˜(t)‖ = o (µ[A(t)]) ),
then all solutions of perturbed system x˙ = A(t)x + w(x, t) converge to 0 as
t→∞.
Proof. Using Lagrange’s variation of constants formula for a state-transition
matrix Φtrans(t, τ) = Φ(t)Φ
−1(τ) we have that
x(t) = Φtrans(t, 0)x(0) +
t∫
0
Φtrans(t, τ)w(x(τ), τ)dτ,
and so
‖x(t)‖ ≤ ∥∥Φ(t)Φ−1(0)∥∥ ‖x(0)‖+
t∫
0
∥∥Φ(t)Φ−1(τ)∥∥ ‖w(x(τ), τ)‖ dτ,
that is, by Lemma 1 (Item p3),
‖x(t)‖ ≤ ‖x(0)‖ e
t∫
0
µ[A(s)]ds
+
t∫
0
e
t∫
τ
µ[A(s)]ds ‖w˜(τ)‖ dτ.
We will analyze asymptotics of homogeneous response to initial state and
the system’s response to external disturbance separately. Obviously, by As-
sumption 1,
lim
t→∞
‖x(0)‖ e
t∫
0
µ[A(s)]ds
= 0
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for an arbitrary initial state x(0), thereby proving the first part of Theo-
rem 5 regarding global asymptotic stability of the equilibrium point x = 0
of unperturbed system (w˜(t) ≡ 0). Notice that this asymptotic stability is
uniform, which is equivalent to uniform exponential stability, if there exists a
real constant γ such that µ[A(t)] ≤ γ < 0 for all t ≥ 0. For the definitions of
various types of stability and relations between them, the reader is referred
to [13] or, specially for the linear systems, to [22].
To prove an asymptotic behavior as t→∞ of the solutions to perturbed
system stated in theorem, it remains to analyze the second term on the
right-hand side of the above inequality. We have, for t ≥ τ ≥ 0, that
t∫
0
e
t∫
τ
µ[A(s)]ds ‖w˜(τ)‖ dτ = e
t∫
0
µ[A(s)]ds
t∫
0
e
−
τ∫
0
µ[A(s)]ds ‖w˜(τ)‖ dτ
=
t∫
0
e
−
τ∫
0
µ[A(s)]ds ‖w˜(τ)‖ dτ
e
−
t∫
0
µ[A(s)]ds
.
The L’Hospital rule yields
lim
t→∞
t∫
0
e
−
τ∫
0
µ[A(s)]ds ‖w˜(τ)‖ dτ
e
−
t∫
0
µ[A(s)]ds
= lim
t→∞
d
dt
t∫
0
e
−
τ∫
0
µ[A(s)]ds ‖w˜(τ)‖ dτ
d
dt
e
−
t∫
0
µ[A(s)]ds
= lim
t→∞
e
−
t∫
0
µ[A(s)]ds ‖w˜(t)‖
e
−
t∫
0
µ[A(s)]ds
(−µ[A(t)])
= − lim
t→∞
‖w˜(t)‖
µ[A(t)]
,
which together with Assumption 3 gives the claim of Theorem 5. Observe
that if w(0, t) ≡ 0 for all t ≥ 0, that is, x = 0 is an equilibrium point of
perturbed system, then under assumptions of Theorem 5 x = 0 is globally
asymptotically stable equilibrium point of perturbed system x˙ = A(t)x +
w(x, t).
Remark 1. For the LTI systems x˙ = Ax with a Hurwitz matrix A, from the
end of Example 1, µH [A] = −1/λmax(H) is negative constant and Assump-
tions 1 and 2 of Theorem 5 are trivially fulfilled. Assumption 3 is satisfied if
‖w(x, t)‖ ≤ ‖w˜(t)‖ → 0 as t→∞.
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Example 2. To illustrate Theorem 5 by an example, let us consider the
system
x˙ =
[−a1(t) β(t)
−β(t) −a2(t)
]
x+
[
t7/8
100 cos(t)
]
, t ≥ 0, (4)
where a1(t) = (t+1), a2(t) = (3+t+sin t) and β(t) is an arbitrary continuous
function on [0,∞). Using the Euclidean norm,
µ2[A(t)] =
1
2
λmax
(
A(t) + AT (t)
)
= max {−a1(t),−a2(t)} = −(t + 1)
by Table 1,
∞∫
0
µ2[A(s)]ds = −
∞∫
0
(s+ 1)ds = −∞ (Assumption 1 of Theorem 5),
µ2[A(t)] = −(1 + t) < 0 for all t ≥ 0 (Assumption 2), and
lim
t→∞
(‖w(t)‖2/µ2[A(t)]) = limt→∞ (
[t7/8]2+[100 cos(t)]2)
1/2
−(t+1)
= 0 (Assumption 3).
Thus all solutions of the system (4) converge to 0 for t→∞ on the basis
of Theorem 5. The result of one simulation in the MATLAB environment is
shown in Figure 2.
0 1 2 3 4 5 6
t
-6
-4
-2
0
2
4
6
8
x
1
0 1 2 3 4 5 6
t
-5
0
5
10
15
20
25
x
2
Figure 2: Solution x(t) = [x1(t), x2(t)]
T of the perturbed system (4) for β(t) = t4 and
initial state x(0) = [−5, 2]T .
Notice, however, that for β(t) = t4 and ai(t), i = 1, 2 as above, the
logarithmic norms µ1[A(t)] = µ∞[A(t)] = t
4−a1(t), and so, the vector norms
‖·‖1 and ‖·‖∞ are not suitable for stability analysis in this particular case
because Assumption 1 of Theorem 5 is not satisfied.
We now show that the perturbation w(t) does not belong to the class D,
and hence also to the class AD. For the first component of w and each η > 0
we have
t+η∫
t
s7/8ds =
8
15
[
(t+ η)15/8 − t15/8] = 8
15
[
t−15/8 − (t+ η)−15/8
t−15/8(t + η)−15/8
]
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=
8
15
[
1− (1 + η/t)−15/8
(t+ η)−15/8
]
.
Then the L’Hospital rule yields
lim
t→∞
8
15
[
1− (1 + η/t)−15/8
(t+ η)−15/8
]
= lim
t→∞
8
15
[
ηt7/8
]
→∞ as t→∞.
Remark 2. In the light of Theorem 5 and Example 2, the answer to an
open question raised by the authors in [20], below of Theorem 6.1, whether
or not h ∈ AD is also a necessary condition for perturbations independent
of x to converge all solutions of perturbed system (3) to 0 as t → ∞, is no.
Combining Theorems 4 and 5, this question could be modified to the class of
functions h(t) = w˜(t)+h˜(t), where w˜ satisfies Assumption 3 of Theorem 5 and
h˜ ∈ AD, where the class of allowable perturbations w˜(t) could be optimized
(maximized) with regard to vector norm in Rn.
Example 3. In this example we show, that for perturbation
h(t) = λ
[
sin(et), cos(et)
]T ∈ D \ AD, λ > 0,
there exists matrix A(t) (necessarily unbounded, of course) such that x = 0
is globally (even uniformly) asymptotically stable equilibrium point for x˙ =
A(t)x but solution x∗(t) of x˙ = A(t)x+h(t) with x∗(0) = 0 does not converge
to 0 as t→∞. For
A(t) =
[−λ et
−et −λ
]
, λ > 0,
obviously, µ2[A(t)] = −λ < 0 for all t ≥ 0 proving global uniform asymptotic
(⇔ uniform exponential) stability of zero solution for unperturbed system,
see [3, 13, 15, 22] and Item p3 of Lemma 1. Note that perturbation h(t) does
not satisfy Assumption 3 of Theorem 5.
The fundamental matrix for x˙ = A(t)x satisfies
Φ(t) = e−λt
[
sin(et) − cos(et)
cos(et) sin(et)
]
, Φ−1(t) = eλt
[
sin(et) cos(et)
− cos(et) sin(et)
]
and so
x∗(t) = Φ(t)
t∫
0
Φ−1(τ)h(τ)dτ = (1− e−λt)
[
sin(et)
cos(et)
]
6→ 0 as t→∞
REFERENCES 13
because
‖x∗(t)‖2 = (1− e−λt)→ 1.
This example, together with the previous one, showed that there is no re-
lationship between the admissible perturbations h(t) for LTV systems with
bounded and unbounded A(t), respectively. This result also indicates that,
in Theorem 5, Assumption 3 regarding the asymptotics of perturbing term
cannot be weakened too much and in the last example cannot be achieved
better result of the form ‖w(t)‖ = o(tα) with α > 0 for the admissible range
of perturbations preserving convergence to zero of all solutions of perturbed
system as the one we have obtained for the Euclidean norm, ‖w(t)‖2 = o(1).
Conclusions
In this paper, we derived the novel and relatively easy-to-use criterion
for robust global asymptotic stability of the LTV system x˙ = A(t)x being
affected by the perturbations (external disturbances). Roughly speaking, all
solutions of its perturbation x˙ = A(t)x+w(x, t) converge to 0 if ‖w(x, t)‖ ≤
‖w˜(t)‖ and ( ‖w˜(t)‖ /µ[A(t)]) → 0 as t → ∞, where by µ[A(t)] is denoted
the logarithmic norm of the system matrix A(t).
The fundamental advantage of the approach based on the use of loga-
rithmic norm is the fact that to estimate the norm of state-transition matrix
Φ(t)Φ−1(τ) for unperturbed system x˙ = A(t)x we do not need to know
the fundamental matrix solution Φ(t) and all necessary estimates are based
purely on the matrix A(t) entries.
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